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Abstract. We revisit the enumeration problems of random discrete surfaces (RDS) based
on solutions of the discrete equations derived from the matrix models. For RDS made
of squares, the recursive coefficients of orthogonal polynomials associated with the quartic
matrix model satisfy the discrete type I Painleve´ equation. Through the use of generating
function techniques, we show that the planar contribution to the free energy is controlled
by the Catalan numbers. We also develop a new systematic scheme of calculating higher-
genus contributions to the topological expansion of the free energy of matrix models. It is
important that our exact solutions are valid for finite-N matrix models and no continuous
limits are taken within our approach. To show the advantages of our approach, we provide
new results of the topological expansion of the free energy for the finite-N cubic matrix
model.
1. Introduction and motivation
The enumerations of random discrete surfaces (RDS) [1, 2] is one of the interesting combina-
toric problems, which has important implications to the study of two-dimensional quantum
gravity [3]. In the simplest case, we use regular polygons as building blocks to construct
closed Riemann surfaces of any topological type (namely, closed surfaces with different gen-
era). From the combinatoric point of view, we are interested in counting the numbers of
degeneracy for all possible RDS consisting of n polygons, and of the topological type with
genus h. For this purpose, it is convenient to define a generating function via a discrete
Laplace transformation,
W pβ, γq :“
ÿ
n,h
e´nβ`p2´2hqγCn,h. (1.1)
Here β and γ are dual variables to the total number of polygons, n, and the Euler character
of the closed surface, χ “ 2 ´ 2h, and Cn,h stands for the degeneracy which depends on the
type of basic polygons..
To illustrate this idea, we use square tiling as an example (Fig.1). There are three possible
ways of identifying (gluing) the four sides of a square (n “ 1) to make a closed surface. Two
of them lead to a sphere (h “ 0), and the other gives a torus (h “ 1). Consequently, C1,0 “ 2
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Figure 1. Making closed surfaces by different identifications of the edges of a square
and C1,1 “ 1. On the other hand, if we use triangles as basic building blocks for the closed
RDS, then it is easy to see that C2k`1,h “ 0, @h. Given a fixed number of polygons, it should
be easy to imagine that there are only finite possibilities of topological type we can produce.
Furthermore, as n grows large, we expect that the degeneracy Cn,h will increase fast. Our
goal in this paper is to make a quantitive study of these behaviors.
In fact, the generating function of the enumerations of RDS is closely related to the par-
tition function of the two-dimensional quantum gravity [3, 4, 5, 6, 7]. Again, in the simplest
case, let us consider the Einstein-Hilbert action in two-dimensional Minkowski space-time:
SEH 9
ż
pR ´ 2Λq?´g d2x, (1.2)
where R is the Ricci scalar (twice of the Gaussian curvature) and Λ is the cosmological
constant. Due to the Gauss-Bonnet theorem [8], the integration can be done without knowing
an explicit metric of the surface and we get
SEH “ γχ´ βA, (1.3)
where we have absorbed the overall proportional constant into γ (inverse gravitational con-
stant) and β (cosmological constant).
A popular scenario for quantizing this gravitational theory is to perform functional inte-
grals over all possible metric gµν (modulus diffeomorphism invariance). Hence we define the
partition function,
W pβ, γq :“
ż Dgµν
rdiffse
iSEHpgµνq ñ
ÿ
n,h
e´nβ`p2´2hqγCn,h. (1.4)
In the last step of the equation above, we have performed the Wick rotation (t Ñ iτ) to
transform the Minkowski space-time into a Euclidean space, and we introduce a discretization
procedure to measure the area of a closed surface as the total number of polygons, n [1].
In the pioneer work of Bessis, Itzykson and Zuber [1], the orthogonal polynomial technique
of computing random matrix integrals [9, 10] was introduced to solve the graphic enumeration
3problem. The main focus of their work was on the topological expansion of the free energy of
the matrix model and they applied continuous approximations in their computations order
by order in 1{N2. In this paper, however, we would like to propose a different approach
based on a direct analysis on the solutions of the recursive coefficients associated with finite-
N matrix models. Our approach employs the technique of the generating functions and can
be easily adapted to different matrix potentials. In particular, we provide new results on
the perturbative series and the topological expansion of the free energy of the cubic matrix
model. These correspond to exact (up to genus one) solutions to the graphic enumeration
problem for closed discrete surfaces consists of equilateral triangles.
This paper is organized as follows. We first give a brief introduction to the random ma-
trix model and the discrete difference equations associated with the orthogonal polynomials
systems in Sec.2. A perturbative analysis of the solutions of the discrete Painleve´ equation
associated with the recursive coefficients of the of the quartic model, together with the per-
turbative calculations of the free energy of the quartic model are given in Sec.3. Then we
proceed with the topological expansion of the free energy of the quartic model in Sec.4. Fol-
lowing the same methodology, we study the solutions to the recursive coefficients associated
with the orthogonal polynomials, and the perturbative series of the cubic matrix model in
Sec.5. Sec.6 is devoted to the topological expansion of the free energy of the cubic matrix
model. We conclude this paper with a brief summary in Sec.7. To make the main results of
our study clear, we have chosen to collect all technical details in the appendices. In partic-
ular, we explain the use of generating functions for the Catalan numbers and its connection
with the quartic matrix model in Appendix A. Similar but more laborious computations for
the cubic matrix model is presented in Appendix B.
2. Graphic enumerations, random matrix models and discrete Painleve´
equations
2.1. Wick theorem for random matrix integrals.
In order to compute the generating function Eq.(1.1) for the graphical enumeration prob-
lem, we resort to the quantum field theory techniques developed in [1, 11, 12]. The basic idea
is to map a random matrix integral into a counting device for discrete surfaces consisting of
regular polygons. To see this, consider the partition function of the quartic Hermitian matrix
model,
Zpg,Nq :“
ż
DMe´Ntr
´
M2
2
´ g
4
M4
¯
, (2.1)
where M is a N ˆ N Hermitian matrix and V pxq :“ x2
2
´ g
4
x4 is the quartic potential with
coupling constant g. We choose the Cartesian integration measure for the matrix integral as,
DM :“
˜
Nź
k“1
dmkk
¸«ź
jăi
pd Remijq pd Immijq
ff
, (2.2)
which is invariant under the unitary conjugation (gauge transformation),
M ÑMU :“ U :MU ñ DMU “ DM. (2.3)
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The partition function, treated as a formal power series in g, can be computed via the
standard perturbative approach,
Zpg,Nq
Zp0, Nq “
1
Zp0, Nq
8ÿ
k“0
ˆ
gN
4
˙k
1
k!
ż
DM `trM4˘k e´N2 trpM2q
“: 1` z1pNq
´g
4
¯
` z2pNq
´g
4
¯2 `Opg3q, (2.4)
and the generalized moments, z1pNq, z2pNq, ¨ ¨ ¨ , can be computed via the Wick theorem
[1, 11, 12].
For this purpose, we first define the propagator as the second moment of the matrix integral
over Gaussian weight,
ă mijmkl ą:“ 1
Zp0, Nq
ż
DMmijmkle´N2 trpM2q “ 1
N
δilδjk, (2.5)
and
z1pNq “ N
ÿ
i,j,k,l
ă mijmjkmklmli ą
“ N
ÿ
i,j,k,l
„
mijmjkloooooooon hkkkkkkjmklmli`loooooooooooonmij hkkkkkkkkkkkkjmjkmklmli`mij hkkkkkkkkjmjkmklmliloooooooooooooooooon
“ N
N2
ÿ
i,j,k,l
pδikδjjδkiδll ` δilδjkδjiδkl ` δiiδjlδjlδkkq
“ 2N2 ` 1. (2.6)
Similarly, the second-order contribution to the partition function, z2pNq, is given by con-
tractions among eight matrix elements and it is given as
z2pNq “ N
2
2!
ÿ
i,j,k,l,p,q,r,s
ă mijmjkmklmlimpqmqrmrsmsp ą
“ 2N4 ` 20N2 ` 61
2
. (2.7)
Note that the leading term, 2N4, in Eq.(2.7), is given by the product of the first-order
leading term
ă m8 ą„ă m4 ąă m4 ą„ 4N
6
N4
. (2.8)
The free energy of the quartic matrix model, defined as the logarithm of the normalized
partition function, counting only closed connected discrete surfaces [1, 11, 12] made from
5squares, is given as
F pg,Nq :“ ln
„
Zpg,Nq
Zp0, Nq

“ p2N2 ` 1q
´g
4
¯
` p18N2 ` 30q
´g
4
¯2 `Oˆg3
43
˙
. (2.9)
2.2. Diagrammatic expansion of the partition function of the matrix model.
The reason why the partition function of a random matrix model lead to solution of the
graphical enumeration problem can be seen from the diagrammatic expansion of the matrix
integrals.
First of all, for closed discrete surface made of identical regular m polygons, we use a simple
matrix potential, V pxq “ x2
2
´ g
m
xm, and the weight function, e´NV pxq, can be expanded as a
formal series in g,
e´Np
x2
2
´ g
m
xmq “
8ÿ
k“0
ˆ
gN
m
˙k pxmqk
k!
e´
N
2
x2 . (2.10)
A standard practice in quantum field theory is then using the Gaussian part to construct
propagator and treating g
m
xm as an interaction vertex. The Wick theorem, discussed in the
previous section, implies joining various vertices by suitable number of propagators. The
random matrix integrals differs from the path integrals of a point particle in that the matrix
propagator carries two sets of indices Eq.(2.5), and the point-particle Feynman diagrams
become a fat-diagram consisting of irregular polygons, as shown in Fig. 2 with black lines.
At the last step, we need to map the fat-diagram into a random discrete surfaces by a dual
transformation. That is, for each irregular polygon in the fat-diagram, we assign the center
of it as one of the vertices of the RDS. By connecting these RDS vertices with edges, we
see that each matrix vertex is enclosed by a m-polygon, and the fat-diagram, after this dual
transformation, becomes a random discrete surface (the red lines in Fig.2). In summary, the
Figure 2. Dual transformation from the fat-graph (black) to a RDS (red)
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dual transformation trade the vertices in the fat graph into regular m-polygons (faces), the
irregular polygon in the fat graph into a vertex, and the propagator in the flat graph will
intersect with an unique edge of the RDS.
From these correspondences, we can see that, according to the standard Feynman rule for
the random matrix integrals:
‚ Each vertex of a fat graph contributes a factor of gN (note our normalization of the
coupling in Eq.(2.1)),
‚ Each propagator of a fat graph contributes a factor of 1{N ,
‚ Each internal loop demands a sum over dummy matrix indices and contributes a
factor of N , and the total number of the internal loops within a given fat diagram is
equal to the total number of the vertices of the RDS.
Putting all these ingredients together, we find that for each fat diagram, we get
pgNqF pN´1qEpNqV “ gFNV´E`F “ gnNχ, (2.11)
where we have used the Euler character formula of a closed surface,
χ “ V ´ E ` F, (2.12)
and n denotes the total number of the faces (area) of the RDS.
The diagrammatic expansion of the partition function of a random matrix integral generally
includes disconnected diagrams, which are unions of closed RDS’s. In order to remove these
repetitions, we define the free energy as the logarithm of the normalized partition function,
F pg,Nq :“ ln
„
Zpg,Nq
Zp0, Nq

. (2.13)
It is an established result that F pg,Nq counts only connected RDS [1, 11, 12]. Thus, we show
that the diagrammatic expansion of the free energy of a random matrix integral, viewed as
a function of the coupling constant, g, and the size of the matrix, N , can be expressed as a
formal series
F pg,Nq “
ÿ
n,h
gnN2´2hCn,h. (2.14)
Comparing with the generating function of the graphic enumeration, Eq.(1.1), we found an
identification between matrix model parameters and the two-dimensional quantum gravity
data as follows:
g “ e´β, N “ eγ, (2.15)
and Cn,h is precisely the degeneracy number we mentioned in the first section.
2.3. Orthogonal polynomial technique for random matrix integrals.
As shown in Sec.2.1, the perturbative series of the random matrix integrals can be evaluated
with the Wick contractions and in principle manageable via computer program. Nevertheless,
the apparent complications associated with the fast growing of number of contractions and
the need of some partial re-summation (e.g. topological expansion in 1/N2) of the free energy
prompts us for other resolution.
It turns out, at least for the case of the Hermitian matrix model, it is possible to obtain an
exact expression of the partition functions for the random matrix integrals by means of the
orthogonal polynomial techniques [9, 10]. The essential idea is that by a change of variables
7from the N2 matrix elements, mij, to the eigenvalues, λk, and the associated eigenvectors,
~vk, 1 ď k ď N , in the random matrix integral (2.17), the associated Jacobian, namely,
the square of the Vandermonde determinant, can be expressed as a joint product of the
orthogonal pairing (inner product) of the monic orthogonal polynomials defined asż
PmpxqPnpxqe´NV pxq dx “ hnδmn. (2.16)
DM “ 1
N !
pDUq
˜
Nź
k“1
dλk
¸
p4pλqq2 , (2.17)
4pλq :“ det
¨˚
˚˝ 1 λ
0
1 ¨ ¨ ¨ λ0N´1
1 λ11 ¨ ¨ ¨ λ1N´1
...
...
...
1 λN´11 ¨ ¨ ¨ λN´1N´1
‹˛‹‚ (2.18)
“ det
¨˚
˚˝ 1 P0pλ1q ¨ ¨ ¨ P0pλN´1q1 P1pλ1q ¨ ¨ ¨ P1pλN´1q... ... ...
1 PN´1pλ1q ¨ ¨ ¨ PN´1pλN´1q
‹˛‹‚. (2.19)
ż
DMe´NtrV pMq
“ 1
N !
ż Nź
k“1
dλk
»——–det
¨˚
˚˝ 1 P0pλ1q ¨ ¨ ¨ P0pλN´1q1 P1pλ1q ¨ ¨ ¨ P1pλN´1q... ... ...
1 PN´1pλ1q ¨ ¨ ¨ PN´1pλN´1q
‹˛‹‚
fiffiffifl
2
e´Nr
řN
l“1 V pλlqs
“ 1
N !
˜
N´1ź
k“0
hk
¸
. (2.20)
Thus, if we can compute the normalization constants of the monic orthogonal polynomials
associated with a given matrix potential, V pxq, the free energy of the corresponding random
matrix integral is given by
F pg,Nq :“ ln
„
Zpg,Nq
Zp0, Nq

“
N´1ÿ
k“0
ln
„
hkpg,Nq
hkp0, Nq

. (2.21)
At this stage, we have transformed the original graphic enumeration problem to the prob-
lem of computing normalization constants of the associated orthogonal polynomials. In the
next step, we show how to calculate the normalization constants from the recursive coeffi-
cients of the three-term relation.
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2.4. Normalization constants and recursive coefficients of the monic orthogonal
polynomial.
It is a well-known fact that any orthogonal polynomial system satisfies a three-term recur-
sive relation,
xPnpxq “ Pn`1pxq ` βnPnpxq ` αnPn´1pxq, (2.22)
where αn, βn will be referred to as recursive coefficients and we choose to work with monic
orthogonal polynomials
Pnpxq “ xn ` ¨ ¨ ¨ . (2.23)
The recursive coefficient, αn, is related to the normalization constant hn by
hn “
ż
Pnpxq rxPn´1pxqs e´NV pxq dx
“
ż
rαnPn´1pxqsPn´1pxqe´NV pxq dx
“ αnhn´1, (2.24)
ñ αn “ hn
hn´1
. (2.25)
On the other hand, both recursive coefficients, αn, βn satisfy a coupled set of difference
equations. Taking cubic matrix model V pxq “ x2
2
´ g
3
x3 as an example, we have
Theorem 2.1. The recursive coefficients, αn, βn, of the monic orthogonal polynomials asso-
ciated with the cubic matrix model, Eq.(2.22), satisfy the d-PII equations,
n
N
“ αn r1´ gpβn ` βn´1qs , (2.26)
βn “ gpαn`1 ` β2n ` αnq. (2.27)
Proof. To derive an equation relating βn and αn, we compute the projection of
d
dx
Pnpxq on
Pn´1pxq,
nhn´1 “
ż
Pn´1pxq
„
d
dx
Pnpxq

e´NV pxq dx
“ ´
ż „
d
dx
Pn´1pxq

Pnpxqe´NV pxq dx`N
ż
Pn´1pxqPnpxq
ˆ
dV
dx
˙
e´NV pxq dx
“ N rhn ´ ghnpβn´1 ` βnqs . (2.28)
9Divide both sides by hn´1, we get Eq.(2.26). We then compute the projection of ddxPnpxq on
Pn:
0 “
ż
Pnpxq
„
d
dx
Pnpxq

e´NV pxq dx
“ ´
ż „
d
dx
Pnpxq

Pnpxqe´NV pxq dx`N
ż
PnpxqPnpxqV 1pxqe´NV pxq dx
“ N
ż
PnpxqPnpxqpx´ gx2qe´NV pxq dx
“ N “βnhn ´ g `hn`1 ` β2nhn ` α2nhn´1˘‰ (2.29)
ñ βn “ gpαn`1 ` β2n ` αnq.

Theorem 2.2. The coupled difference equations Eqs.(2.26), (2.27) are equivalent to the dis-
crete type II Painleve´ (d-PII) equations by a change of variables.
pn :“ αn, qn :“ βn´1 ´
?
t?
2i
,
t :“ 4g2, apnq :“
ˆ
2
?
2g
iN
˙
n.
Proof. By substituting the definitions of the variables ptαn, βnu Ñ tqn, pnuq and the param-
eters ptg,Nu Ñ tt, apnquq, we get
pnpqn ` qn`1q “ ´apnq, and pn`1 ` pn “ 2q2n`1 ` t. (2.30)
Indeed, these new coupled difference equations are compatibility conditions of the Lax pairs
associated with the d-PII (d-P(A
p1q
1 {Ep1q7 )) Hamiltonian
H “ p
2
2
´
ˆ
q2 ` t
2
˙
p´ aq (2.31)
in [13]. 
In the case of the quartic matrix model, V pxq “ x2
2
´ g
4
x4, there is only one type of recursive
coefficient due to parity conservation,
xPnpxq “ Pn`1pxq ` γnPn´1pxq. (2.32)
In addition to the same normalization constant relation, Eq.(2.25),
γn “ hn
hn´1
, (2.33)
the recursive coefficient, γn, satisfies the celebrated discrete type I Painleve´ (d-PI) equation.
10 CHUAN-TSUNG CHAN: AND HSIAO-FAN LIU;
Theorem 2.3. [14] The recursive coefficients of the monic orthogonal polynomials associated
with the quartic matrix model, satisfies the d-PI equation,
n
N
“ γn ´ gγnpγn`1 ` γn ` γn´1q. (2.34)
Having explained all basic ingredients of this work, we use the following diagram (Fig.3)
to summarize the interconnections among various subjects.
Graphic Enumerations
Ranom Matrix Models Discrete
Difference Eqs.
diagrammatic

expansion
topological

expansion
orthogonal

polynomial
Figure 3. Interconnections between three subjects under our study
Starting from next section, we shall perform both perturbative (in g) and topological (in
1{N2) studies of the solutions of the recursive coefficients, γn for the quartic matrix model,
and αn, βn for the cubic matrix model. Once these answers are calculated, we shall obtain
the free energy of the random matrix model, and hence the generating function of the graphic
enumeration problem as
W pβ, γq “ F pe´β, eγq, (2.35)
and
F pg,Nq “ N ln
„
h0pg,Nq
h0p0, Nq

`
N´1ÿ
k“1
pN ´ kq ln
„
γkpg,Nq
γkp0, Nq

. (2.36)
3. Perturbative expansion of the free energy of the quartic model
In the previous sections, we have established a connection between the free energies of the
matrix models and the recursive coefficients of the associated monic orthogonal polynomial
systems. Here we shall perform a perturbative analysis of the discrete difference equation
(d-PI) to obtain a series solution of the recursive coefficients of the quartic matrix model.
11
To begin with, the d-PI equation is written as
n
N
“ γn ´ gγnpγn`1 ` γn ` γn´1q. (3.1)
If we assume g is a small umber and treat the recursive coefficient γn as a power series in g,
γnpg,Nq “
8ÿ
k“0
γpkqn pNqgk, (3.2)
then the d-PI equation can be expressed as a infinite set of coupled difference equation.
n
N
“ γp0qn , (3.3)
γp1qn “ γp0qn pγp0qn`1 ` γp0qn ` γp0qn´1q, (3.4)
γp2qn “ γp0qn pγp1qn`1 ` γp1qn ` γp1qn´1q ` γp1qn pγp0qn`1 ` γp0qn ` γp0qn´1q, (3.5)
...
γpkqn “
k´1ÿ
m“0
γpmqn
”
γ
pk´m´1q
n`1 ` γpk´m´1qn ` γpk´m´1qn´1
ı
. (3.6)
By iteration, we get the solutions of the perturbative series as follows
γp0qn “ nN , γ
p1q
n “ 3n
2
N2
, γp2qn “ 18n
3 ` 6n
N3
,
γp3qn “ 135n
4 ` 162n2
N4
, γp4qn “ 18p63n
5 ` 174n3 ` 35nq
N5
, ¨ ¨ ¨ . (3.7)
From these explicit results, together with the deductive reasoning, we find that
γnpg,Nq “
8ÿ
k“0
γpkqn pNqgk “
8ÿ
k“0
ˆ
polynomial in n with deg k ` 1
N
˙´ g
N
¯k
. (3.8)
This fact will be useful when we study the topological expansions of the matrix model free
energies later in Sec.4.
To compute the free energy, we also need the normalization constant for the zeroth or-
thogonal polynomial, which can be expressed as a formal power series in g,
h0pg,Nq :“
ż 8
´8
e´NV pxq dxñ
ż 8
´8
e´Np
x2
2
´ g
4
x4q dx
“
c
2pi
N
„
1`
ˆ
3
4
˙
g
N
`
ˆ
105
32
˙
g2
N2
`
ˆ
105 ¨ 33
27
˙
g3
N3
`O
ˆ
g4
N4
˙
. (3.9)
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This implies
lnh0pg,Nq ´ lnh0p0, Nq
“ 3
´ g
4N
¯
` 48
´ g
4N
¯2 ` 1584´ g
4N
¯3 `Oˆ g4
44N4
˙
. (3.10)
The logarithms of the recursive coefficients are
ln γnpg,Nq ´ ln γnp0, Nq (3.11)
“ ln
«
1` γ
p1q
n
γ
p0q
n
g ` γ
p2q
n
γ
p0q
n
g2 ` γ
p3q
n
γ
p0q
n
g3 `Opg4q
ff
(3.12)
“
ˆ
3n
N
˙
g `
ˆ
27n2 ` 12
2N2
˙
g2 `
ˆ
90n3 ` 144n
N3
˙
g3 `Opg4q. (3.13)
Putting all ingredients together, and recalling a master formula for the sum of powers of
integers [15]
1k ` 2k ` ¨ ¨ ¨ ` pN ´ 1qk “ N
k`1
k ` 1 ´
Nk
2
` kN
k´1
12
`OpNk´3q, k ě 3, (3.14)
we derive the first three terms of perturbative series (in g) of the free energy in the case of
quartic model,
F pg,Nq “ N ln
„
h0pg,Nq
h0p0, Nq

`
N´1ÿ
n“1
pN ´ nq ln
„
γnpg,Nq
γnp0, Nq

(3.15)
“ p2N2 ` 1q
´g
4
¯
` p18N2 ` 30q
´g
4
¯2 ` p288N2 ` 1056` 240
N2
q
´g
4
¯3 `Opg4q.
4. Topological expansion of the free energy of the quartic model
In order to derive a topological (1/N2) expansion of the free energy of the quartic model,
we first examine the structure of the discrete Painleve´ equation, Eq.(2.34), of the recursive
coefficients. By a rescaling
γ˜n :“ gγn ô γn “ 1
g
γ˜n, (4.1)
the d-PI equation becomes
n “ γ˜n ´ γ˜npγ˜n`1 ` γ˜n ` γ˜n´1q,  :“ g
N
. (4.2)
Consequently, the recursive coefficients can be expressed as a Taylor series of g
N
,
γn “ 1
g
8ÿ
m“0
γn,m
m`1. (4.3)
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Note that γn,m “ γpmqn Nm`1 in Eq.(3.2). Substituting these Taylor series back to the d-PI
equation, Eq.(3.6), we get
γn,m`1 “
mÿ
l“0
γn,m´lpγn´1,l ` γn,l ` γn`1,lq, m ě 0. (4.4)
In general, by mathematical induction, we can show that γn,m are polynomials in n of
degree m` 1 with definite parity,
γ´n,m “ p´1qm`1γn,m. (4.5)
Thus, we can decompose the Taylor coefficients of the recursive coefficients, γn, as
γn,m “ nm`13mCp0qm ` nm´13m´1Cp1qm ` ¨ ¨ ¨ . (4.6)
We call C
p0q
m spherical and C
p1q
m torus coefficients for later convenience.
Theorem 4.1. If we view recursive coefficients of the monic orthogonal polynomials as func-
tions of the coupling constant g, and the size of matrix N , i.e. γn “ γnpg,Nq, then they
admit expansions in 1{n2 as
γnpg,Nq “ n
N
„
Cp0q
ˆ
3gn
N
˙
` 1
n2
Cp1q
ˆ
3gn
N
˙
` ¨ ¨ ¨

, (4.7)
where
Cp0qpxq :“ 1´
?
1´ 4x
2x
“
8ÿ
k“0
p2kq!
pk ` 1q!k!x
k, (4.8)
is the generating function of the Catalan numbers, and
Cp1qpxq “ 2x
2
p1´ 4xq2C
p0qpxq “ x
`
1´?1´ 4x˘
p1´ 4xq2 . (4.9)
Proof. By substitution and comparing the leading orders in n of Eq.(4.4), we get, for m ě 0,
C
p0q
m`1 “
mÿ
k“0
C
p0q
m´kC
p0q
k , (4.10)
C
p1q
m`1 “ 2
mÿ
k“0
C
p0q
m´kC
p1q
k `
mÿ
k“0
kpk ` 1qCp0qm´kCp0qk . (4.11)
From these new sets of coupled equations, we can see that the solution of the spherical
coefficients C
p0q
m is given by the Catalan numbers,
Cp0qn “ p2nq!pn` 1q!n! ñ C
p0q
0 “ 1, Cp0q1 “ 1, Cp0q2 “ 2, Cp0q3 “ 5, ¨ ¨ ¨ . (4.12)
We collect relevant information about the Catalan numbers in Appendix A.
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To solve the torus coefficients, C
p1q
m , we can employ the generating function technique, which
helps in transforming the coupled difference equation Eq.(4.11), into an algebraic equation
Cp0qpxq :“
8ÿ
k“0
C
p0q
k x
k, Cp1qpxq :“
8ÿ
k“0
C
p1q
k x
k, (4.13)
ñ 1
x
Cp1qpxq “ 2Cp0qpxqCp1qpxq ` Cp0qpxq d
dx
„
x2
d
dx
Cp0qpxq

. (4.14)
Since Cp0qpxq satisfies a quadratic equation, x “Cp0qpxq‰2 “ Cp0qpxq´1, we can also express
the derivatives of Cp0qpxq in terms of rational combinations of Cp0qpxq (see details in Appendix
A). For instance,
d
dx
Cp0qpxq “
“
Cp0qpxq‰2
1´ 2xCp0qpxq “
Cp0qpxq ´ 1
x r1´ 2xCp0qpxqs . (4.15)
Thus, we can solve Cp1qpxq in terms of Cp0qpxq from Eq.(4.14) as
Cp1qpxq “ 2x
2
p1´ 4xq2C
p0qpxq “ xp1´
?
1´ 4xq
p1´ 4xq2 . (4.16)
Having solved the spherical and torus coefficients, C
p0q
m , C
p1q
m , we can then obtain the ”topo-
logical expansion” of the recursive coefficients:
γn “ n
N
Cp0q
ˆ
3gn
N
˙
` 1
nN
Cp1q
ˆ
3gn
N
˙
` ¨ ¨ ¨ . (4.17)

Finally, the free energy of the quartic model (up to genus one) can be computed as
Theorem 4.2. The free energy of the quartic model pV pxq :“ x2
2
´ g
4
x4q admits a topological
expansion in 1{N2 and is given by
F4pg,Nq “ N2e0pgq ` e1pgq `Op 1
N2
q (4.18)
with
e0pgq :“
8ÿ
k“0
p2k ´ 1q!
k!pk ` 2q!p3gq
k, (4.19)
e1pgq :“
8ÿ
k“0
1
24k
„
4k ´ p2kq!
k!k!

p3gqk. (4.20)
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Proof. By substituting the topological expansion formula of the recursive coefficients into
Eq.(2.36), we get
F4pg,Nq “ N ln rh0pg,Nqs ´N ln rh0p0, Nqs
`
N´1ÿ
n“1
pN ´ nq ln
„
Cp0q
ˆ
3gn
N
˙
` 1
n2
Cp1q
ˆ
3gn
N
˙
`Op 1
N2
q

“: N2
„
e0pgq ` 1
N2
e1pgq `Op 1
N4
q

. (4.21)
Then using the sum of powers of the integer formula, Eq.(3.14), we get the genus zero and
one contribution to the free energy of the quartic matrix model as
e0pgq :“
8ÿ
k“0
p2k ´ 1q!
k!pk ` 2q!p3gq
k, (4.22)
e1pgq :“
8ÿ
k“0
1
24k
„
4k ´ p2kq!
k!k!

p3gqk. (4.23)
These results agree with those in [1]. 
5. Perturbative expansion of the free energy of the cubic model
The matrix potential for the cubic model is given by
V pxq :“ x
2
2
´ g
3
x3. (5.1)
The monic orthogonal polynomials associated with the weight function e´NV pxq is defined
through ż
PnpxqPmpxqe´NV pxq dx “ δmnhn, (5.2)
and they satisfy the famous three-term recursive relation,
xPnpxq “ Pn`1pxq ` βnPnpxq ` αnPn´1pxq. (5.3)
By using simple projection formula as discussed in Sec.2, we obtain a set of coupled dif-
ference equations for the recursive coefficients,
n
N
“ αnr1´ gpβn ` βn´1qs, (5.4)
βn “ gpαn`1 ` β2n ` αnq. (5.5)
In this section, we shall perform a perturbative analysis of the the discrete difference
equations to obtain a series solution of the recursive coefficients associated with the cubic
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model. That is, we assume that g is a small number and treat both recursive coefficients
αn, βn as formal power series in g
αn “ an0 ` an1g ` an2g2 ` an3g3 `Opg4q, (5.6)
βn “ bn0 ` bn1g ` bn2g2 ` bn3g3 `Opg4q. (5.7)
By substitution, we obtain the following solutions of the recursive coefficients:
αn “
´ n
N
¯
`
ˆ
4n2
N2
˙
g2 `
ˆ
40n3 ` 10n
N3
˙
g4 `Opg6q, (5.8)
βn “
ˆ
2n` 1
N
˙
g `
ˆ
12n2 ` 12n` 5
N2
˙
g3 `Opg5q. (5.9)
To compute the free energy, we need the following data:
lnαnpg,Nq “ ln
´ n
N
¯
`
ˆ
4n
N
˙
g2 `
ˆ
32n2 ` 10
N2
˙
g4 `Opg5q, (5.10)
h0pg,Nq “
ż 8
´8
e´Np
x2
2
´ g
3
x3q dx
“
c
2pi
N
„
1`
ˆ
5
6
˙
g2
N
`
ˆ
385
72
˙
g4
N2
`Opg6q

. (5.11)
ñ ln
„
h0pg,Nq
h0p0, Nq

“ 5
6
ˆ
g2
N
˙
` 5
ˆ
g4
N2
˙
`O
ˆ
g6
N3
˙
, (5.12)
Putting all ingredients together, we have
F pg,Nq :“ N ln
„
h0pg,Nq
h0p0, Nq

`
N´1ÿ
n“1
pN ´ nq ln
„
αnpg,Nq
αnp0, Nq

“
ˆ
2
3
N2 ` 1
6
˙
g2 `
ˆ
8
3
N2 ` 7
3
˙
g4 `Opg6q. (5.13)
6. Topological expansion of the free energy of the cubic model
In order to derive a topological expansion (in 1/N2) of the free energy of the cubic model,
we first examine the structure of the recursive equations by performing a rescaling,
α˜n :“ Nαn, β˜n :“ N
g
βn,  :“ g
2
N
, (6.1)
n “ α˜nr1´ pβ˜n ` β˜n´1qs, (6.2)
β˜n “ α˜n`1 ` α˜n ` β˜2n. (6.3)
17
From these expressions, we can see that:
(1) αn and βn, as power series in , are even and odd functions in g, respectively,
αn “ 1
N
8ÿ
k“0
ank
k, βn “ g
N
8ÿ
k“0
bnk
k, (6.4)
an0 “ 0, ank “
k´1ÿ
p“0
an,k´p´1pbnp ` bn´1,pq, k ě 1, (6.5)
bn0 “ an0 ` an`1,0 “ 2n` 1, bnk “ ank ` an`1,k `
k´1ÿ
p“0
bn,k´p´1bnp, k ě 1. (6.6)
(2) By mathematical induction, we can prove that the series coefficients ank, bnk, viewed
as functions of n, must be finite polynomials of degree k` 1. Consequently, we define
ank “ nk`1up0qk ` nkup1qk ` nk´1up2qk ` ¨ ¨ ¨ , (6.7)
bnk “ nk`1vp0qk ` nkvp1qk ` nk´1vp2qk ` ¨ ¨ ¨ . (6.8)
(3) Combining the two points above and substituting back to the recursive equations,
Eqs.(6.5), (6.6), we get
u
p0q
k “ 2
k´1ÿ
p“0
u
p0q
k´p´1v
p0q
p , (6.9)
u
p1q
k “
k´1ÿ
p“0
r´pp` 1qup0qk´p´1vp0qp ` 2up0qk´p´1vp1qp ` 2up1qk´p´1vp0qp s, (6.10)
u
p2q
k “
k´1ÿ
p“0
r2up0qk´p´1vp2qp ´ pup0qk´p´1vp1qp ` Cp`12 up0qk´p´1vp0qp ` 2up2qk´p´1vp0qp s. (6.11)
v
p0q
k “ 2up0qk `
k´1ÿ
p“0
v
p0q
k´p´1v
p0q
p , (6.12)
v
p1q
k “ 2up1qk ` pk ` 1qup0qk ` 2
k´1ÿ
p“0
v
p0q
k´p´1v
p1q
p , (6.13)
v
p2q
k “ 2up2qk ` Ck`12 up0qk `
k´1ÿ
p“0
r2vp0qk´p´1vp2qp ` vp1qk´p´1vp1qp s. (6.14)
Theorem 6.1. If we view the recursive coefficients as functions of the coupling constant g,
and the size of matrix N ,
αn “ αnpg,Nq, βn “ βnpg,Nq,
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then they both admit a ”topological” expansion (in 1{n2) as
αnpg,Nq “ n
N
„
up0q
ˆ
ng2
N
˙
` 1
n
up1q
ˆ
ng2
N
˙
` 1
n2
up2q
ˆ
ng2
N
˙
`O
ˆ
1
n3
˙
, (6.15)
where
up0qpxq “ 1
24x
t1` 2 sinr2
3
sin´1p12?3xq ´ pi
6
su (6.16)
“
8ÿ
n“0
23nxn
pn` 1q!
Γp3n`1
2
q
Γpn`1
2
q (6.17)
“ 1` 4x` 40x2 ` 512x3 ` 7392x4 ` 114688x5 ` ¨ ¨ ¨ , (6.18)
up1qpxq “ 0, (6.19)
up2qpxq “ xru
p0qs2 ` 72x2up0q ´ x
4p3´ rup0qs2qp1´ 12xup0qq3 , (6.20)
“
´x
!
1´ 72xup0q ´ “up0q‰2)
p15
2
` 25 ¨ 34x2q ´ 22 ¨ 34xup0q ` p1
2
` 26 ¨ 33x2q rup0qs2 , (6.21)
and
βnpg,Nq “ ng
N
„
vp0q
ˆ
ng2
N
˙
` 1
n
vp1q
ˆ
ng2
N
˙
` 1
n2
vp2q
ˆ
ng2
N
˙
`O
ˆ
1
n3
˙
, (6.22)
where
vp0qpxq “ 1
2x
´ 1?
3x
sinr1
3
sin´1p12?3xq ` 2pi
3
s (6.23)
“
8ÿ
n“0
23n`1xn
pn` 1q!
Γp3n`2
2
q
Γpn`2
2
q (6.24)
“ 2` 12x` 128x2 ` 1680x3 ` 24576x4 ` 384384x5 ` ¨ ¨ ¨ , (6.25)
vp1qpxq “ 1
1´ 12xup0q , (6.26)
vp2qpxq “ u
p2q
2xrup0qs2 . (6.27)
These new recursive equations can be solved by introducing the generating function tech-
nique. For instance, by defining
upnqpxq :“
8ÿ
k“0
u
pnq
k x
k, vpnqpxq :“
8ÿ
k“0
v
pnq
k x
k, n “ 0, 1, 2, ¨ ¨ ¨ , (6.28)
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we can transform the system of coupled difference equations Eqs.(6.9)„(6.14) into algebraic
equations and the solutions are given as Eqs.(6.16)„(6.21) and Eqs.(6.23)„(6.27). Please
check Appendix B for details.
Finally, the zero-th moment of the cubic model can be computed as a formal power series,
h0pg,Nq :“
ż
e´NV pxqdx (6.29)
“
c
2pi
N
„
1` 5
6
g2
N
` 385
72
g4
N2
`O
ˆ
g6
N4
˙
. (6.30)
Then
ln
„
h0pg,Nq
h0p0, Nq

“ 5
6
g2
N
` 5g
4
N2
`O
ˆ
g6
N4
˙
. (6.31)
Theorem 6.2. The free energy of the cubic model
´
V pxq :“ x2
2
´ g
3
x3
¯
admits a topological
expansion in 1{N2 and is given as
F3pg,Nq “ N2f0pgq ` f1pgq `Op 1
N2
q (6.32)
with
f0pgq :“ 2
3
g2 ` 8
3
g4 `O `g6˘ , (6.33)
f1pgq :“ 1
6
g2 ` 1
3
g4 `O `g6˘ . (6.34)
Proof. We can now assemble all relevant equations and compute the free energy of the cubic
equation as
F pg,Nq “ Ntlnrh0pg,Nqs ´ lnrh0p0, Nqsu (A)
`
N´1ÿ
n“1
pN ´ nq ln
„
up0q
ˆ
g2n
N
˙
(B)
`
N´1ÿ
n“1
ˆ
N ´ n
n2
˙«
up2qpg2n
N
q
up0qpg2n
N
q
ff
`Op 1
N2
q. (C)
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Here
(A) “ 5
6
g2 ` 5g
4
N
`Op 1
N2
q, (6.35)
(B) “ 2
3
g2pN2 ´ 1q `
8ÿ
m“2
p3m
2
q!23mg2mN2
3mrpm` 2q!spm
2
q!
„
1´ pm` 2qpm` 1q
12N2

`Op 1
N2
q,
(C) “
N´1ÿ
n“1
pN ´ nq g
4
N2
r10` 408png
2
N
q ` ¨ ¨ ¨ s (6.36)
“ p5´ 5
N
qg4 ` 68p1´ 1
N2
qg6 `Opg8q. (6.37)
The leading result of the cubic model free energy is given as
F pg,Nq “ N2
„
2
3
g2 ` 8
3
g4 `Opg6q

`N0
„
1
6
g2 ` 7
3
g4 `Opg6q

`Op 1
N2
q. (6.38)

7. Summary and Conclusion
In this paper, we revisited the graphic enumeration problem. Our approach is based on
the connections between the random matrix models and the discrete difference equations as
derived from the orthogonal polynomial systems of the related matrix models. By defining
the partition function of a given matrix model (specified by a potential V pMq),
Zpg,Nq :“
ż ˜ Nź
k“1
dmkk
¸ź
jăi
rdRemijs rdImijs e´NtrV pMq, M “ pmijqi,j“1,2,¨¨¨ ,N , (7.1)
we explain that the generating functions for enumerations of random discrete closed surfaces
consisting of regular m-polygons are the same as the free energies of the matrix model with
V px; gq :“ x
2
2
´ gx
m
m
, m “ 3, 4, (7.2)
W pβ, γq “ F pe´β, eγq :“ ln
„
Zpe´β, eγq
Zp0, eγq

:“
ÿ
n,h
e´nβ`p2´2hqγCn,h. (7.3)
Here, we treat both the partition function Z and the free energy F as functions of the coupling
constant g and the size of the matrix, N .
In addition, we make an identification between the gravitational parameters and the matrix
model parameters as follows
g (coupling constant in the matrix potential) “ e´βpβ : cosmological constantq, (7.4)
N (size of the finite matrix) “ eγpγ : inverse Newton’s constant).(7.5)
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Our approach in this paper is based on: (1) the orthogonal polynomial representation of
the random matrix integrals, and (2) generating function technique for solving difference
equations.
The main results can be summarized as follows. We use two schemes to obtain series solu-
tions of these difference equations. The first one is a perturbative expansion of the recursive
coefficients in the coupling constant, g, and the second one is a topological expansion of the
recursive coefficients in 1{N . At each order (in g) of the perturbative expansion for the free
energy of the matrix model, we have a finite polynomial (in 1{N2) whose coefficients corre-
spond to the degeneracy of the random surfaces with fixed total number of regular polygons
and specific genus. These results agree with that from the traditional diagrammatic expan-
sions of the random matrix integrals. On the other hand, through a suitable reorganization
of the series, we can also compute the topological expansion of the free energy of the matrix
models. For genus zero (sphere) and genus one (torus), we derive explicit results of the free
energies for both quartic and cubic models.
It is worth emphasizing that, throughout our study, we did not take any continuous (or
integral) approximation of series summation. Hence, our computations not only provide
independent checks of previous results [3], but also show greater applicability to more general
cases [16, 17]. 1
Hopefully, our analysis of perturbative solutions to the nonlinear difference equation may
shed some light for further explorations (e.g. asymptotic analysis, exact solutions etc.).
Based on our current results, we would like to examine the asymptotic behaviors of the
topological expansion of the matrix model free energy. One of the immediate generalizations
is to compute the correlation functions of multi-trace operators. This is of physical interest
in the sense that we can check whether (1) the double-scaling limits is uniformly applicable
to partition functions and the correlation functions and (2) there exist new continuous limits
which correspond to various string backgrounds. In addition, it will be of great interest to
compare with the isomonodromy analysis [14, 18]. We believe that these might give useful
perspective to a rigorous foundation of the double scaling limits for the matrix models.
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Appendix A. Useful Information about the Catalan Numbers
In this appendix, we gather several useful information about the Catalan numbers, Cn [21],
which is relevant for our study of the quartic matrix model in Sec.3 and Sec.4.
A.1. Basic definition and explicit solution via generating function technique.
For our purpose, it is convenient to define the Catalan numbers as a solution to the following
nonlinear recursive relations, subject to the initial condition, C0 “ 1:
Cn`1 “
nÿ
k“0
Cn´kCk. (A.1)
By iteration, we compute the first few terms as follows,
C1 “ 1, C2 “ 2, C3 “ 5, C4 “ 14, C5 “ 42, etc.. (A.2)
One way of obtaining the explicit formula of Cn is to employ the technique of generating
function, defined as
Cpxq :“
8ÿ
n“0
Cnx
n. (A.3)
By multiplying both sides of Eq.(A.1) by xn`1 and summing over n (0 ď n ă 8), we
transform the recursive relations into an algebraic equation,
Cpxq ´ 1 “ x rCpxqs2 . (A.4)
One can then solve this quadratic equation and calculate the Taylor expansion of Cpxq around
x “ 0,
Cpxq “ 1´ p1´ 4xq
1
2
2x
“
8ÿ
n“0
p2nq!
pn` 1q!n!x
n. (A.5)
From this, we obtain an exact expression of the Catalan numbers as
Cn “ p2nq!pn` 1q!n! . (A.6)
A.2. General approach via Frobenius method.
One should be warned that it takes some good luck to obtain the power series solution for
Cpxq, Eq.(A.5), from the algebraic equation, Eq.(A.4), due to the simplicity of the structure.
In general, a complete solution of a given algebraic equation in terms of power series is
never a trivial task (this will become evident when we move on to the case of the cubic matrix
model). For this reason, we shall illustrate the Frobenius method in solving the power series
form of Cpxq as follows.
It proves to be very useful if we take derivative (w.r.t x) on Eq.(A.4), and after rearranging
C 1pxq “ rCpxqs
2
1´ 2xCpxq “
´1` Cpxq
x r1´ 2xCpxqs . (A.7)
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From the final equality of Eq.(A.7), it is natural to expect that C 1pxq, Cpxq and 1 are
algebraically dependent. That is, there exist polynomials αpxq, βpxq such that
αC 1 ` βC ` 1 “ 0. (A.8)
Indeed, by substitution (using Eq.(A.7)) and factoring out the common denominator, we
have,
pα ´ βx´ 2x2qCpxq “ α ´ 2βx´ x. (A.9)
Demanding both coefficient functions to be zero, we get
αpxq “ 4x2 ´ x, and βpxq “ 2x´ 1. (A.10)
In this way, we transform the algebraic equation, Eq.(A.4), into a inhomogeneous ordinary
differential equation, Eq.(A.8). Then the standard Frobenius method can be applied, and we
derive a linear recursive relation among the Taylor coefficients of Cpxq from Eq.(A.8) as
Cpxq “
8ÿ
n“0
Cnx
n ñ Cn “ 2p2n´ 1q
n` 1 Cn´1. (A.11)
Finally, by telescoping, we obtain the exact expressions of the Catalan number
Cn “ p2nq!pn` 1q!n! . (A.12)
A.3. Higher derivatives in terms of the rational expressions.
From the first equality of Eq.(A.7), we get
d
dx
rlnCpxqs “ C
1pxq
Cpxq “
Cpxq
1´ 2xCpxq (A.13)
“
„
1
1´ 2xCpxq ´ 1

1
2x
“
”
p1´ 4xq´ 12 ´ 1
ı 1
2x
(A.14)
“
8ÿ
k“0
p2k ` 1q!
pk ` 1q!k!x
k. (A.15)
Hence,
lnCpxq “
8ÿ
k“1
p2k ´ 1q!
k!k!
xk. (A.16)
This result is used in Eq.(4.21) for the topological expansion of the free energy of the quartic
matrix model. The second equality of Eq.(A.7) implies that we can always express any
derivative of Cpxq, d
dx
Cpxq, as a rational combination of Cpxq in the first degree. Indeed, we
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have
C 1pxq “ rCpxqs
2
1´ 2xCpxq “
´1` Cpxq
x´ 2x2Cpxq , (A.17)
C2pxq “ p2´ 6xq ` p´2` 8xqCpxq
x2p1´ 4xq r1´ 2xCpxqs , (A.18)
and
“
x2Cpxq‰1 “ x2C2pxq ` 2xC 1pxq “ 2xp1´ 4xq r1´ 2xCpxqs . (A.19)
The last equation is used in deriving genus-one contribution to the free energy of the quartic
matrix model, Eqs.(4.14) „ (4.16).
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Appendix B. Useful information for solving the cubic model
In the previous appendix, we invoked the generating function technique to solve a non-
linear recursive relation, Eq.(A.1). Here, we apply the same idea to embrace three types of
equations, and solve for the recursive coefficients associated with the cubic matrix model.
difference equations

(recurrence rel.)
algebraic equations differential equations
generating

function
Frobenius

method
Figure 4. Interconnections among three types of equations
B.1. Solutions of the generating functions for the spherical coefficients u
p0q
m , v
p0q
m .
By defining the generating functions of the spherical coefficients, u
p0q
m , v
p0q
m , Eqs.(6.7), (6.8)
up0qpxq :“
8ÿ
m“0
up0qm x
m, vp0qpxq :“
8ÿ
m“0
vp0qm x
m, (B.1)
we transform the infinite sets of coupled difference equations, Eqs.(6.9),(6.12), into two cou-
pled algebraic equations
up0qpxq ´ up0q0 “ 2xup0qpxqvp0qpxq, (B.2)
vp0qpxq ´ vp0q0 “ 2up0qpxq ´ 2up0q0 ` x
“
vp0qpxq‰2 . (B.3)
Note that u
p0q
0 “ 1 and vp0q0 “ 2. Upon substitution, we get
up0qpxq “ 1
1´ 2xvp0qpxq , v
p0qpxq “ u
p0qpxq ´ 1
2xup0qpxq . (B.4)
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Further substitutions show that up0qpxq and vp0qpxq are solutions to the following cubic equa-
tions:
8x
“
up0qpxq‰3 ´ “up0qpxq‰2 ` 1 “ 0, (B.5)
2x2
“
vp0qpxq‰3 ´ 3x “vp0qpxq‰2 ` vp0qpxq ´ 2 “ 0. (B.6)
Using the triple-angle formula, the solutions satisfying the ”initial conditions”,
lim
xÑ0u
p0qpxq “ up0q0 “ 1, and lim
xÑ0 v
p0qpxq “ vp0q0 “ 2, (B.7)
are given as
up0qpxq “ 1
24x
"
1` 2 sin
„
2
3
sin´1p12?3xq ´ pi
6
*
, (B.8)
vp0qpxq “ 1
2x
´ 1?
3x
sin
„
1
3
sin´1p12?3xq ` 2pi
3

. (B.9)
B.2. Taylor expansions of the spherical generating functions.
While there are standard results of the Taylor expansion for the (inverse) trigonometric
functions, the compositions of power series expansions into a single Taylor expansion is a
totally nontrivial task. For this reason, we need to adjust the forms of cubic equations
Eq.(B.6) by defining
τ :“ 12?3x, wpτq :“
?
3
2
´ τ
12
vp0qpxq. (B.10)
One can check that, after the change of variables, we get
4w3 ´ 3w ` τ “ 0. (B.11)
Consulting the formula in [22], we obtain the Taylor expansion of vp0qpxq as
vp0qpxq “
8ÿ
n“0
23n`1xn
pn` 1q!
Γ
`
3n`2
2
˘
Γ
`
n`2
2
˘ (B.12)
“ 2` 12x` 128x2 ` 1680x3 ` 24576x4 ` 384384x5 ` ¨ ¨ ¨ . (B.13)
To derive the series expansion of up0qpxq around x “ 0, we use computer software to
calculate the first 10 terms in the Taylor expansion of up0qpxq. By carefully studying the
pattern of the Taylor coefficients (prime factor decomposition), we deduce the general formula
as follows.
up0qpxq “
8ÿ
n“0
23nxn
pn` 1q!
Γ
`
3n`1
2
˘
Γ
`
n`1
2
˘ (B.14)
“ 1` 4x` 40x2 ` 512x3 ` 7392x4 ` 114688x5 ` ¨ ¨ ¨ . (B.15)
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To compute the free energy of the cubic matrix model, we also need the following results,
which can be obtained in a similar vein,
ln
“
up0qpxq‰ “ 8ÿ
n“1
`
3n
2
˘
!
p3nqn! `n
2
˘
!
p8xqn. (B.16)
B.3. Derivatives of higher genus generating functions in terms of the spherical
generating functions.
As emphasized in the Appendix A, since the spherical generating functions up0qpxq, vp0qpxq
satisfy cubic algebraic equations, we can always express any higher derivatives of them in
terms of rational combinations of up0qpxq, vp0qpxq of degree 2. We can then feedback these
rational combinations into the coupled sets of equations, Eqs.(6.9)„(6.11),(6.12)„(6.14), to
solve for the higher-genus generating functions. Since the computations are straightforward,
we simply collect the relevant results for reference.
d
dx
up0qpxq “ 4
“
up0qpxq‰2
1´ 12xup0qpxq , (B.17)
d
dx
vp0qpxq “ ´3x
“
vp0qpxq‰2 ` 2vp0qpxq ´ 4
6x3 rvp0qpxqs2 ´ 6x2vp0qpxq ` x (B.18)
“ 12x
“
up0qpxq‰2 ´ p1` 8xqup0qpxq ` 1
´24x3 rup0qpxqs2 ` 2x2up0qpxq , (B.19)
d
dx
“
xup0qpxq‰ “ 1
up0q r1´ 12xup0qpxqs , (B.20)
d
dx
“
xvp0qpxq‰ “ 2
1´ 12xup0qpxq , (B.21)
up1qpxq “ 0 ñ d
dx
up1qpxq “ 0, (B.22)
d
dx
vp1qpxq “ 12
up0q r1´ 12xup0qs3 . (B.23)
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